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UNIVERSAL SERIES BY TRIGONOMETRIC SYSTEM 
IN WEIGHTED SPACES 

S. A. EPISKOPOSIAN 


Abstract. In this paper we consider the question of existence 
of trigonometric series universal in weighted 2tt] spaces with 
respect to rearrangements and in usual sense. 


1. Introduction 


Let A be a Banach space. 

Definition 1.1. A series 

OO 

( 1 . 1 ) fk^x 

k=l 

is said to be universal in X with respect to rearrangements, if for any 
/ G A the members of (1.1) can be rearranged so that the obtained 

OO 

series fa{k) converges to / by norm of A. 

k=l 

Definition 1.2. The series (1.1) is said to be universal (in A) in the 
usual sense, if for any / G A there exists a growing sequence of natural 
numbers such that the sequence of partial sums with numbers of 
the series (1.1) converges to / by norm of A. 

Definition 1.3. The series (1.1) is said to be universal (in A) con¬ 
cerning partial series, if for any / G A it is possible to choose a partial 

OO 

series fr^, from (1.1), which converges to the / by norm of A. 

k=l 
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Note, that many papers are devoted (see [1]- [9]) to the question on 
existence of variouse types of universal series in the sense of convergence 
almost everywhere and on a measure. 

The hrst usual universal in the sense of convergence almost every¬ 
where trigonometric series were constructed by D.E.Menshov [1] and 
V.Ya.Kozlov [2], The series of the form 


( 1 . 2 ) 


1 

2 


CXD 

-|- Ukcoskx -|- bksinkx 

k=l 


was constructed just by them such that for any measurable on [0, 27r] 
function f{x) there exists the growing sequence of natural numbers 
Uk such that the series (1-2) having the sequence of partial sums with 
numbers rik converges to f{x) almost everywhere on [0,27r]. (Note 
here, that in this result, when f\x) G L]^q 2 -w]i impossible to replace 
convergence almost everywhere by convergence in the metric L]^q 2 -k])- 
This result was distributed by A.A.Talalian on arbitrary orthonor¬ 
mal complete systems (see [3]). He also established (see [4]), that if 
{0„(a;)}(^^ - the normalized basis of space > 1, then there 

exists a series of the form 

OO 

(1-3) E <lk4>k{x), Ufc —t 0. 

k=l 


which has property: for any measurable function f{x) the members of 
series (1.3) can be rearranged so that the again received series converge 
on a measure on [0,1] to f{x). 

W. Orlicz [5] observed the fact that there exist functional series that 
are universal with respect to rearrangements in the sense of a.e. con¬ 
vergence in the class of a.e. hnite measurable functions. 

It is also useful to note that even Riemann proved that every con¬ 
vergent numerical series which is not absolutely convergent is universal 
with respect to rearrangements in the class of all real numbers. 

Let jj,{x) be a measurable on [0,27r] function with 0 < /i(a;) < l,a; G 
[0,27r] and let L^[0,27r] be a space of mesurable functions /(x), x G 
[0, 27r] with 

2tt 

\f\x)\jj,{x)dx < OO. 
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M.G.Grigorian constructed a series of the form (see [6]), 

OO OO 

with Wq>2 

k=—oo k=—oo 

which is universal in -h^[0, 27r] concerning partial series for some weighted 
function 0 < fi{x) < l,a; G [0,27r]. 

In [9] it is proved that for any given sequence of natural numbers 
{Am}m=i with Am there exists a series by trigonometric system of 
the form 

OD 

(1.4) C.k = Ck, 

k=l 


with 




k=l 


< Am, a;e[0,27r], , m = l,2,..., 


so that for each e > 0 a weighted function fi{x), 


0 < fj,{x) < 1, |{a; G [0, 27r] : n{x) ^ 1}\ < e 


can be constructed, so that the series (1.4) is universal in the weighted 
space L^[0,27r] with respect simultaneously to rearrangements as well 
as to subseries. 

In this paper we prove the following results. 


Theorem 1.4. There exists a series of the form 

OO OO 

(1.5) ^ with ^ \Ck\‘^ < OO, Vg > 2 

k=—oo k=—oo 

such that for any numbers > 0 a weighted function fi{x), 0 < fi{x) < 1, 
with 


(1.6) |{a; G [0, 27r] : iJ,{x) 1}\ < e 

can be constructed, so that the series (1.5) is universal in 27r] with 
respect to rearrangements . 

Theorem 1.5. There exists a series of the form (1.5) such that for any 
number e > 0 a weighted function fj,{x) with (1.6) can be constructed, 
so that the series (1.5) is universal in L^[0,27r] in the usual sense . 
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2. BASIC LEMMA 


Lemma 2.1. For any given numbers 0 < e < ^, Nq > 2 and a step 
function 

( 2 . 1 ) fix) = 

S=1 


where is an interval of the form Am = , 1 < i < 2"^ and 

(2.2) I'ysl ■ ^/\A^\ < ■ (s ■ f{x)dx^ , s = l,2, 

there exists a measurable set E C [0, 2ti\ and a polynomial Fix) of the 
form 

Pix)= 


Akx 


NQ<\k\<N 


which satisfy the conditions: 


E 

No<\k\<N 


\E\ > 2n — e, 

\P{x) — f{x)\dx < e, 

C.k = Cu 


max 

No<m<N 


|7Vo<|fc|<m 

for every measurable subset e of E 


ikx 


dx 


<e+ \f(x)\dx, 


Proof Let 0 < e < ^ be an arbitrary number. 


Set 

(2.3) 


g(l) = 1, if X e [0, 2ir] \ 


e ■ TT 3e ■ TT 


g(x) = 1 - if X e 
e 


2 ’ 2 
e ■ n 3e ■ n 


2 ’ 2 

We choose natural numbers ui and Ai so large that the following in¬ 
equalities be satished: 

r*27r 


(2.4) 


1 

At 




< 


16 ■ Nq 


, \k\<No, 
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where 


(2.5) 5(i(a;) = 7i • 5((z/i • x) ■ XAi(a:). 

(By Xe{x) we denote the characteristic function of the set E.) We put 

( 2 . 6 ) El = {x e As : gs{x) = 7 J, 

By (2.3), (2.5) and (2.6) we have 

(2.7) |Ei| > 271 ■ (1 - e) • |Ai|; gi{x) = {), x ^ Ai, 


nZ'K c\ 

(2.8) / gl{x)dx<-^xi^^Ail 

Jo e 

Since the trigonometric system is complete in L^[ 0 , 27 r], we 

can choose a natural number Ni > Nq so large that 


(2.9) 

r 

^ - g,(x) 



0<\k\<Ni 


where 

( 2 . 10 ) !lAt)e-‘“dt. 


Hence by (2.4),(2.5) and (2.9) we obtain 
( 2 , 11 ) 


f 

Cf’e"- - gi(x) 

dx <- + 

E id'b 


Ao<|fc|<Yi 

KJ 

0<|fc|<No 


Now assume that the numbers vi < V2 < •••P’s-i, W < ^"2 < ... < 
Ng-ii functions gi{x), g2{x ),..., gs-i{x) and the sets Ei, E2 ,...., Es_i are 
dehned. We take sufficiently large natural numbers Ug > Us-i and 
Ng > Ng_i to satisfy 


( 2 . 12 ) 


1 


r*27r 


gg{t)e 


< 




1 < s < g, \k\ < Ng_i, 


(2.13) 

f 

E - ,j,(x) 



0<\k\<Ns 


where 


1 

(2.14) gg{x) = 7, ■ g{ug ■ x) ■ Xa,(t), ^ ^ J 9 s{t)e~^^^dt. 
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Set 

(2.15) Es = {x e As : gs{x) = 7 J, 

Using the above arguments (see (2.16)-(2.18)), we conclude that the 
function gs{x) and the set Eg satisfy the conditions: 

(2.16) > 27r ■ (1 - e) ■ |A^|; 51 ^( 0 ;) = 0, x ^ Ag, 

l‘2n 2 

(2.17) / gg{x)dx < - ■ ■ \Ag\. 

. n ^ 


r*27r 


(2.18) 


E C7e“"-9i(a:) 

Ns_l<\k\<Ns 


dx < 


2S+1- 


Thus, by induction we can dehne natural numbers ui < z /2 < ...Ug, Ni < 
N 2 < ... < Ng, functions gi{x), g 2 {x),gg{x) and sets Ei, E 2 ,Eg 
such that conditions (2.14)- (2.16) are satished for all s, 1 < s < q. 
We dehne a set E and a polynomial P{x) as follows: 

<1 

(2.19) E=\jEg, 


5=1 


( 2 . 20 ) 


P(x)= E C'i.e'‘-' = E 

No<\k\<N 


S=1 


E C’, 


(s) ikx 


Ar^_i<|fc|<Ar^ 


, C-k — Ck, 


where 


(2.21) a = for Ng_i<\k\<Ng, s = l,2,...,g, N = Ng-l. 
By Bessel’s inequality and (2.3), (2.14) for all s G [l,q] we get 


( 2 . 22 ) 


E id'f 

2 

< 

/ 9l{x)dx 

Ar^_i<|fc|<V* 


-Jo 


< 


<^-| 7 ,|-V^^, s = l, 2 ,...,g. 
From (2.3), (2.12) and (2.13) it follows that 
(2.23) \E\>27r-e. 
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Taking relations (2.1), (2.3), (2.10), (2.12), (2.18) - (2.21) we obtain 
(2.24) 


\P{x) - f{x)\dx < ^ 


S =1 




(s) ikx 


9s{x) 


N^-i<\k\<N^ 


dx 


< e 


By (2.1), (2.2), (2.20) -(2.21)for any k G [iVo,iV] we have 

N 

(2.25) V |C'fc|2+^< max \Ck\^ ■ \Ck\^ < 

^ No<k<N ^ 

Yo<|fc|<N fc=No 


< max 

1 <S<IJ 


< max 

\<s<q 


< max 

1 <S<IJ 


- • h.l • YA 


f- ■ h-.l • YY 


Y )|2 
k I 


•Z Z IE 

s=l Ns-i<\k\<N, 

Y;^|7.MA.|< 


< 


S =1 


. Y . h.l . YlYi 

8 

[ f{x)dx 

V e 

e 

Jo 


< e; 


That is, the statements 1) - 3) of Lemma are satished. Now we will 
check the fulhllment of statement 4) of Lemma. Let Nq < m < N, 
then for some sq, 1 < sq < g, {Ngg <m< Ns^+i) we will have (see 
(2.20) and (2.21)) 

(2.26) 


so 


No<\k\<m 


s=l 


T. O'" 


(-s) Akx 


NsQ-i<\k\<m 


(sQ+l) ^ikx 


Ns-i<\k\<Ns 

Hence and from (2.1), (2.2), (2.3), (2.18), (2.19) and (2.22) for any 
measurable set e C i? we obtain 


CkP 

' ® I Ys_i<|fc|<m 


ikx 


50 

S =1 


E E 


(s) ikx 


dx < 


9s{x} 


Ns-i<\k\<N, 
Y I \ 9 s{x)\dx+ I 


dx 


+ 


so 


s=l 
so 


'((so+l)giA:x 


< 


E Y 

NsQ-i<\k\<m 

Y ^ + y ■ i^^o+ii ■ vi^so+i 


dx < 


< 
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< 


\f{x)\dx + e. 


3. PROOF OF THEOREMS 


Proof of Theorem 1.4 Let 

(3.1) fi{x),f 2 {x),...,fn{x), a;e[0,27r] 

be a sequence of all step functions, values and constancy interval end¬ 
points of which are rational numbers. Applying Lemma consecutively, 
we can hnd a sequence ^ of sets and a sequence of polynomials 

(3.2) P.(x) = Y1 

Ar,_i<|fc|<Af, 

1 = Eo < < ... < < ...., S = l,2, 

which satisfy the conditions: 

(3.3) c|0,27r|, 


(3.4) 

(3.5) 



P,{x) - Mx)\dx < 2 


E 

A,_i<|fc|<Ar, 



2 + 2 " 


< 2 


-2s 




(3.6) max 

Ar„_i<p<W 


Ns-i<\k\<p 

for every measurable subset e of Eg 
Denote 


dx 


< 2 - 2 (s+ 1 )^ / \Mx)\dx, 


(3.7) 


k=—oo s=l 

As) 


E 

Ns-i<\k\<Ns 


(s) ^ikx 


where Ck = C]^ for A^-i < \k\ < Ng, s = 1, 2,.... 
Let £ be an arbitrary positive number. Setting 


hln = n 


s=n 


n = 1,2,....; 
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oo 

(3.8) E = VLno= Pi Es, no = [logi/2^] + 1; 

s=no 

oo / oo 

= IJ IJ IJ ^n-1 

n=no \n=noH-l 

It is clear (see (3.3)) that |-B| = 27i and \E\ > 2ti — e. 

We define a function jj,{x) in the following way: 

(3.9) jji{x) = 1 for a; G-E U ([0, 27r] \-B); 
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Afs_l<|A:|<p 


By (3.4), (3.8)-(3.10) for all s > no we have 


(3.13) 


j Qg 


'[0,27r]\f^s 


\Ps{x) - fs{x)\ IJ,{x)dx = 2 2(*+l) + 


C30 r /» 

/ \Ps{x) - fs{x)\findx < + 

2=5+1 1 


5 : 2 - 


|/.(i)| + 5^ h;'dx < 

Ar,_i<|fc|<V, / 

2—2(5+1) 2—45 ^ 2 —25 


Taking relations (3.6), (3.8)- (3.10) and (3.12) into account we obtain 
that for all p G [iVs_i, N^) and s > no -|- 1 


(3.14) 


p27V 

/ E l^(x)dx = 

0 AT . 


-^s-l<|^|<P 


p{x)dx+ 


7Vs_i<|A:|<p 


/ V p{x)dx < 

l[o,2.]\ns 


Y Y1 + 2 ”^* < 

a=no+l Vs_i<|fc|<p 


E h 


n=no+l 


,-2(s+l) 


-F / |/s(a;)|da; J -h 2 = 


2 2(5+1), ^ / |/^(x)|/x(x)da; + 2' 


n=no+l 


< / |/s(a;)|/i(a;)(ia;-h 2 "‘h 

Jo 

Let /(x) G L^[0,27r] , i. e./^ |/(a;)|/i(a;)(ia; < 00 . 
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It is easy to see that we can choose a function fui{x) from the se¬ 
quence (3.1) such that 

p27Z 

(3.15) / \f{x)-fy^{x)\^{x)dx<2~'^, i'i>no + l. 

Jo 

Hence, we have 


-27r 


f*2n 


(3.16) 


\fuj^{x)\fj,{x)dx < 2 \f{x)\fi{x)dx. 


From (2.1), (A), (3.13) and (3.15) we obtain with mi = 1 


r*27r 


(3.17) 


fix) - [F„(i) + I Mx)dx < 


r*27r 


< 


\f{^) - n{x)dx+ 


r*27r 


+ / \fuA^) - Pui{x)\^{x)dx+ 


r*27r 


+ / \Cxn,e^^^^\fi{x)dx <2-2-^+ 271-\C^,\. 

Jo 

Assume that numbers z/i < z /2 < ... < Vq-i^rrii < m 2 < ... < mq_i are 
chosen in such a way that the following condition is satished: 


r*27r 


(3.18) 


f(x)-'^[PXx) + C, 


irrisx' 

rris^ 


5=1 


IJ,{x)dx < 


<2-2-2^+27r-|C'^,|, l<j<g-l. 

We choose a function fv^^x) from the sequence (3.1) such that 
(3.19) 


r-27r 


<7-1 


f(x)-Y^ [a. (x) + - /„, (x) 


5=1 

where Uq > Uq-l, Vq > mq-l 

This with (3.18) imply 

p27Z 

(3.20) / 


fx{x)dx < 2 


JO 


f^^{x)\^{x)dx <2 ^'?-h2-2 + 271 ■ = 


= 9-2-23+ 271- a 


rriq-i I • 


By (3.13), (3.14) and (3.20) we obtain 


r*27r 


( 3 . 21 ) 


fXx) - Pu ix) Xx)dx <2 
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^h>q — 1 ^ I ^ I 

(3.22) 

p27V P 

max / (j(pq)^ikx < iQ ■ 2 “^'^ + 27r • \Cm i 

N.,.q<P<NuJ, I - 

Denote 


(3.23) mg = min|n e iV : n ^ U {m,}^=j|| 

From (2.1), (A), (3.19) and (3.21) we have 


p27V ^ 

(3.24) / f{x)-T[P,,(x)+C^.e"'-‘] yi{x)dx< 

S=1 

p 27 V / \ 

- X !■''(*) - E + C^.e-”-] j - u,(x) yi(x)dx+ 

p27V 

+ / |/! 2 ,(a^) - p,.,(x)| /i(a;)da;+ 

JO 

p27V 

+ / /i(a;)da; < 2 ■ 2-2'? + 27r ■ \C^^\. 

Jo 

Thus, by induction we on q can choose from series (3.7) a sequence of 


members 


n ^ 1 2 

^rrin^ ? y 


and a sequence of polynomials 


(3.25) P„.(i)= 5^ «=1,2,.... 

— 1 ^ I ^ I ^ ^i^q 

such that conditions (3.22) - (3.24) are satished for all q > 1. 

Taking account the choice of Puq{x) and (see (3.23) and 

(3.25) ) we conclude that the series 

CxD 

q=l N^^-i<\k\<N^^ 

is obtained from the series (3.7) by rearrangement of members. Denote 
this series by . 

It follows from (3.11), (3.22) and (3.24) that the series 
converges to the function f{x) in the metric L^[0,27r], i.e. the series 
(3.7) is universal with respect to rearrangements (see Dehnition 1.1). 



UNIVERSAL SERIES BY TRIGONOMETRIC SYSTEM IN WEIGHTED SPACES 

The Theorem 1.4 is proved. 


Proof of the Theorem 1.5 

Applying Lemma consecutively, we can find a sequence of 

sets and a sequence of polynomials 

(3.26) P.[x)= Y. = 

Y,_i<|fc|<Af, 


1 = iVo < iVi < ... < iV, < s = l,2,...., 
which satisfy the conditions: 

(3.27) > 1 - Es C [0, 27r], 


(3.28) 




A,_i<|fc|<V, 


C, 


(s) 


2 + 2 - 


< 2 


-2s 


(3.29) 



fn{x) -^Ps{x) 

s=l 


dx < 2-^, 


n = 1,2,. 




where {/n(a^)}(JLi, x G [0,27r] be a sequence of all step functions, 
values and constancy interval endpoints of which are rational numbers. 
Denote 


(3.30) 




k=—oo 


S=1 




(s) ikx 


Y,_i<|fc|<V, 


where for Ns_i < |A;| < iV^, s = 1, 2, 

It is clear (see (3.28)) that 


Y,\Ck\^<oo, Vg>2. 


k=l 


Repeating reasoning of Theorem 1 a weighted function /i(a;), 0 < 

jj,{x) < 1 can constructed so that the following condition is satisfied: 


r*27r 


(3.31) 


fn(x) -Y^‘ 


Xl 


s=l 


j^{x)dx < 2 ”, n = l,2,... 
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For any function f{x) G F^[0,1] we can choose a subsystem 
from the sequence (3.1) such that 

p27r 

(3.32) / \f{x) - fn,{x)\fj,{x)dx < 

Jo 

From (3.30)-(3.32) we conclud 



+ / Uki^) - Ps{x) ■ ii{x)dx < 2 "^^ + 2 "^'"'' 

>^0 ,=i 

where - 1. 

Thus, the series (3.30) is universal in ^^'^[0,1] in the sense of usual 
(see Dehnition 1.2). 

The Theorem 1.5 is proved. 

The author thanks Professor M.G.Grigorian for his attention to this 


paper. 
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